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Note on Lines of Curvature. 

By Thomas Haedy Taliaferro. 



In a note in the Oomptes Rendus for March 25th, 1895, Professor Craig has 
given a condition for the determination of surfaces having lines of curvature 
corresponding to a system of conjugate Hnes on a given surface. 

Suppose the surface to be represented by the equations 

«=/i(p, pi). 

y—M?^ pi). 

2 =/3(p, pi), 

where p, pi are the parameters of a system of conjugate lines ; then in the note 
referred to it is shown how surfaces can be found whose coordinates are given by 

X=^i(a;), Y=My), Z=^,{z), 

on which the original conjugate lines are lines of curvature. 
The condition to be satisfied is of course 

azax ajar a^az^^ (i) 

dp dpi dp dpi dp dpi 

The first difficulty in the problem is in finding an initial surface whose coordi- 
nates are given explicitly as functions of the parameters of a system of conjugate 
lines. Certain methods are known for this, especially the elegant method of 
Koenigs (Darboux, Vol. I, page H2), but all are very difficult of application in 
any particular case. 

I have ventured in the following brief note to give a simple application of 
the problem to the case of tetrahedral surfaces where m = n, and also to give 
two examples. The tetrahedral surfaces are given by the equations (Darboux, 
Vol. I, page 142) : 

x = ^A{p — a)'»(pi — af, -| 

^/ = !,B{p-br{pl-br,i (2) 

z=zvc{p—cr{pi—cr, I 
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where p, p^ are the parameters of a system of conjugate lines; m, n, A, B, G 
any real constants ; and ?^, (i, v either 1 or ^. 

The left-hand members of (2) all satisfy the equation 



, . d'e , dd de ^ 



(3) 



since p, pi are the parameters of a system of conjugate lines, but as x^ + 2/^ + z^ 
does not satisfy equation (3), p, p^ are not the parameters of the lines of curva- 
ture. It is readily seen that the condition to be satisfied in order that p, pi 
should be the parameters of the lines of curvature is 

^^A' (p — af^-Xpi — a)^-^ + {I'B' (p — bf^-^p^ — bf"-^ 

+ ^2(72(p_c)2'— i(pi — c)»»-i=0. (4) 

I. — Tetrahedral Surfaces, when m=:n. 

When m = n, the expressions for the cartesian coordinates x, y, z of the 

tetrahedral surfaces in terms of the parameters p, p^ of a system of conjugate 

lines become 

x = ^A{p~ a)™(pi — a)"", I 

y = ^B{p — br{p,~br, \ 

s = v(7(p — c)'"(pi — c)*". ) 

The equation of condition (4) becomes 

^'A^ (p — a)^™-Xpi — af^-^ + f/B^ (p — bf^'-'ipi — b) 



(5) 



2m— 1 



+ v^G'{p — cy^-\p^ 



c) 



%m — 1 . 



0. (6) 



The equation of the tetrahedral surface on eliminating p, p^ is readily seen 
to be of the form 

where 



a 



^ = 



(a — b){a — c) ' 

1 

(a — 6)(6 — c) ' 

_ 1 

^ {^—G){a~c)' 
a — /3 + 7=0. 
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On adopting the convention 

it is seen that a, /?, 7 are real, positive quantities fulfilling the condition 

I say that writing 

where ki , k^ are arbitrary constants, <t> (a) can be so determined by means of 
Craig's formula that on the derived surface p, px will be the parameters of the 
lines of curvature, and furthermore that the derived surface will be a quadric 
surface depending on A, B, G , 2, , fi, v , k^, k^ for its form. 

Since equation (1) consists of a single equation between three quantities, 
two of them may be assumed and the third determined. 

Let 

where $ (a) is to be determined. 

Substituting these values (8) in equation (1), the following equation is 
derived : 

•■• ^ (^) = ^^ K^^y^*"^ + it^BY-T^Y- (9) 

The derived surface has for its cartesian coordinates X, Y, Z the following 

•expressions : 

X = h (;i^)^/^™ (p ~ ay (pi - af, ■) 

Y=h,il^Br'-ip-b)Hpl-h)^ [ (10) 

Z=:±i{J4 (;i4)i/'" + ^1 (fiBf/'^Y (p — cf (pi — cy. ) 



276 Taliaferro : Note on Lines of Curvature. 

Equations (1) and (3) are satisfied, and the equation of the derived surface on 
which p, pi are the parameters of the lines of curvature is 

Equation (11) is the equation of a quadric surface depending on A, B, G, 
?i,, fi, V, ki, k<^ for its form. 

II. — Eu:aniples. 

1. m = n=:^, /l = j'=l, ii^=-i. 

Equations (6) become 

■ a; = J. (p — of (pi — a)*, 

\y=iB{^-lf{^,-hf, 
,.= C(p-c)npi-c)^ 
Equation (7) becomes 

X^ .r, if , 2' 

which is the equation of an ellipsoid. 

The equation of condition (6) that p, pi should be lines of curvature on the 
original surface reduces in the case of the ellipsoid to 

A' — B'-\-G^ = Q. 
Equation (8) becomes 

4>(.) = i (1^1=^3^!):^. 

The derived surface has for its cartesian coordina.tes X, F, Z the following 

expressions : 

(X=: ^^^(p_a)'(pi — a)^ 

4r = *^,5(p-&)*(pi-&)*, 

{z^^gclB"— ¥^AJ (p — c)* (pi - c)K 
The equation of the derived surface becomes 

X' ,nY^, Z' _■■ 

which is a quadric surface. 
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Making certain suppositions on h^, It^ the following surfaces are derived: 
\=\, k, = l, a^ +/^-5 +y^af_'^2 = l, B^A, an ellipsoid; 
ki = i, k^ = l, —a -j^ + 13 -gg- + y - m iri =1' *^^ hyperboloid of one sheet; 
ki=zl, k2 = i, a -p- — (3 -^ y pg -a = 1 , an hyperboloid of two sheets. 

Writing the equation of condition (1) for the case of the ellipsoid, it 
becomes 

On writing 

dx dy dz 

equation (12) is satisfied and the values of ^-i. 4'2. 4^3 are 

'^,{x)=BGx, ^,(y)=s/2CAy, 4>,{z) = ABz. (13) 

The expressions for the cartesian coordinates X, Y, Z of the derived sur- 
face on which p , p^ are the parameters of the lines of curvature are 

X= D(p-a)Hp,-af,^ 

r=V2iD{p~by{p, — bf,y (14) 

z= D{p-cy{p,-by,) 

D = ABC. 

The equation of the derived surface is represented by 

T^2 Y% '71, 



a 



jyi ' f' 22)2 ' ' lyi 



which is an ellipsoid. 

On writing %-=.\^ yL-=.v=-i, the initial equation becomes an hyperboloid 
of one sheet, and for ;i = ^=l, v =^i, the initial equation is that of an hyper- 
boloid of two sheets. In both cases there can be derived, as in case of ellipsoid, 
quadric surfaces depending on ki, k^, A, B, G for their form. 
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2. m=zn=2, ;i = ^='r=l. 

Equations (5) become 

x = A{p — af (pi — af, 
y = B{f>~br{p,-hy, 

.z = G{f>-cfip,-cy. 

Equation (7) becomes 



a 



whicb is the equation of Steiner's surface. 

The equation of condition (6) that p, p^ should be the parameters of the 
lines of curvature on the original surface reduces in the case of Steiner's 
surface to 

A^p-ay{p,-ay + B'{p-hyip,-by+G^p—cy{p,-cy = o. 

Equation (8) becomes 

4-1 (ss) = h X*, 4'2 (y) = h y\ i's (s) = <J> (a) , 

• 1 

* (2) = ± -^ VVZ + VS. 

The derived surface has for its cartesian coordinates X, Y, Z the following 

expressions : 

X= Jci A* (p — ay (pi — a)*, 

Y=7c,Bi{p-by{p,-hy, 
.z = ±i{J4Ai+ ki&\i(p—cy(p, — cy. 

The equation of the derived surface becomes 

'^74A^ ^ k, B^ ^ k\A^ ^-klB^~ ' 

which is a quadric surface. 

Making certain suppositions on \, h^, the following surfaces are derived: 

X^ Y^ Z^ 

\ = 1, kz=i, «^ + i^ -^ + r jBi — jii ~^' ^ > ^ an ellipsoid ; 

X^ Y^ Z^ 

ki=:i, ki = i, — a —jy + ^ -dt + 7 p^ , a^ = 1 , an hyperboloid of one sheet ; 

X^ Y^ Z^ 

ki= 1 , k^=l, a —p 13 -^j y p^ .^ = 1 , an hyperboloid of two sheets. 
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Writing the equation of condition (1) for the case of Steiner's surface, it 
becomes 

^' = {W^^ - ^)' (p^ - ^)' + ^' ($)'(p - *)' (p^ - ^)' 

■^^'(cli)^9-<^ri9^-'^r=^' (16) 

On writing 

ax ay ^ m 

equation (16) is satisfied and the values of '4'i) '4'2) '^3 ^^^^ 

^1 (x) = 4^*i5(7a;i, ^^{y)=W2iABiCy^ ^3 (2) = 4^.5(7* s*. (17) 

The expressions for the cartesian coordinates X, Y, Z of the derived surface on 
which p, pi are the parameters of the lines of curvature are 

X— _ X>(p — a)Hpi — a)*,) 

F=:^/2ii)(p-5)*(pi-&)i, \ (18) 

Z= D(p-c)Mpi-c)*,J 
i) = 4^5a. 



The equation of the derived surface is represented by 



-Y% Y^ Z^ 



which is an ellipsoid. 

In the case of quadric surfaces, and also of Steiner's surface, there can be 
derived other quadric surfaces by assuming any other two of the il^'s and deter- 
mining the remaining one as above. 

It is also readily seen that it is necessary and sufficient for X, Y, Z to have 
the following values : 

X = \ a^/^™, Y— hy^/^"*, Z=^{z), 

in order that d<^ (z) should be an exact differential in the case of tetrahedra 1 
surfaces when m== n. 

For write X=Jc^ x*"^, F = ^^ 2/*''™. Z=^{z), ( 20 ) 
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where t is any constant, then the following expression for d^ (s) is derived from 
equation (1) : 

d^ (a) =±it{T^ {■KAY*'"' (p - a)^'-^ (pi — af-^ 

+ ^(^5f/'»(p-6f-i(pi-6f-i}i{(P-i^)*(^p+ (P^^)*c?pi}. (21) 
Write 
it { J4 (;i^f /»(p - af -\pi — ay*-' + 14 {fiBf'"'{p — bf*-\p, — bf*-'\^ = U, (22) 

the condition for the integrability of equation (21) is 

9 u(Pi^^-4- u (1:^)^=0, (23) 

dpi \p — c/ dp Vpi — c/ ^ ^ 

or / pi — c! \i atr / p — c \i 8?7_ 

\p — c/ 8pj Vpj — c/ 9p 

Since in general pi — c , p — c 

p — c pi — c ' 

it is necessary, in order to satisfy equation (23), that 

dp ' api 

or 



(24) 



^ it { h\ {'KAfi-^{p—aY*-\p^- ay*-'+li i^Bf^ip - bf-\p,— bf-'\i= 0, j 

~it\Jt^{KA)^'''{p—a)^-\pi — af*-' + J4{(iBf''^{p—by*-%—bf-'}i = 0,^ 

which requires 

it\hl{yiAy*"-{p—a)^-\pi—af*-'+mfiBf*'"'{p~bf*-\pi—bf-'}^= const, (25) 
for which it is necessary and suflBcient that t = ^. Hence 

Other special cases may arise where t=f^ i, but they will obviously require some 
relation to exist between the constants in equation (25). 
Johns Hopkins University, May 1st, 1895. 



